Abstract. We combine GPS/MET data from 29 occultations and IGS ground data collected from 160 stations around the world to perform stochastic tomography of the ionosphere with a 4×20×20 global grid of voxels extending from 200 to 650 km above the mean surface of the Earth. A correlation functional approach that limits the spatial high frequency content of the images is used, and a Kalman filter is applied in the time direction. The combination of ground and occultation data and the use of smoothing techniques is robust enough for vertical resolution in this four-layer model analysis. We discuss the role of noise on the choice of the correct range of eigenvalues in the inversion problem, and the impact of occultation data, showing that ground data alone is insufficient for vertical resolution even in a three-layer, noise-less simulation.
Introduction
As is known, the electron content in the ionosphere produces delays in the phase and group propagation of r a d i ow a v e s ,a ff e c t i n gt r a c k i n ga n dn a v i g a t i o ns y s t e m s , as well as radio science and radioastronomy. Fortunately, the GPS constellation constitutes a potentially useful tool for an accurate and up-to-date global description of the ionospheric electron content, as is reflected by the recent activity in the field (see, e.g., Hajj et al. [1994] , Ho et al. [1996] , Sardón et al. [1994] , Wilson et al. [1995] ). Here we present work obtained by joining and extending two previous lines of research in which the common goal was to study the ionospheric electron content using GPS data.
In reference Ruffini et al. [1997] we used a correlation functional tomographic approach to analyze ground delay data from 60 International GPS Service (IGS) receiving stations distributed around the world, and obtained a 4D model of the global ionospheric electronic content. Beginning at 200 km above the mean surface of the Earth, two geocentric spherical layers were used to describe the ionosphere, each consisting of one hundred voxels of dimensions 18 o in latitude, 36 o in longitude and 150 km in height. A Kalman filter, using 12 two-hour Copyright 1997 by the American Geophysical Union.
Paper number 97GL522283. 0094-8534/97/97GL-522283$05.00 blocks of data, was employed to smooth and "fill" the model in the time direction.
In a separate research effort (A. Rius, G. Ruffini, A. Romeo, "Analysis of Ionospheric Electron Density Distribution from GPS/MET Occultations", submitted to IEEE Transactions on Geoscience and Remote Sensing), GPS/MET occultation data obtained from the University Corporation for Atmospheric Research (UCAR) was analyzed. After appraising the performance of the earlier 4D ionospheric model using High-Rate occultation, we processed Level One Medium-Rate occultation data, and profiles of electronic density were obtained using the Abel transform. Although these profiles gave useful information for future tomographic work (they indicated that a multi-layer grid should be centered at about 6600 km, and extend at least 150 km to either side), we concluded that Abel transform techniques depend too strongly on the assumption of spherical symmetry, and that occultation data should be combined with groundbased data to perform real tomography at a global scale.
Here we analyze the result of combining IGS ground data from 160 stations and occultation data from 29 occultations in a 4D tomographic model consisting of 4 layers extending from 6400 to 7000 km from the center of the Earth.
Brief Description of the Tomographic Problem
GPS observables consist essentially of the delays experienced by the dual frequency signals (f 1 =1.57542 GHz and f 2 =1.22760 GHz) transmitted from the GPS constellation and received at GPS receivers around the world and in orbit. Consider a signal traveling at time t between a given satellite and receiver, and let I(t)= ray dl ρ( x, t) be the integrated electron density along the ray traversed by the signal (in electrons per square meter). The delay at frequency f i is modeled by
is the length of the real ray, D s.l. is the length of the ray if it traveled in a straight line (in the vacuum), T models other frequency independent terms, andc i sat and c i rec are the instrumental biases (which are assumed to remain constant). The termc i align represents the bias introduced in the alignment of the phases with pseudoranges, and although normally omitted in ground networks analysis, we keep it here because of the shortness of the ray arcs involved in occultations, and because of the increased noise with Anti-Spoofing (A/S) on. The last term is the difference between the length of the real ray and the length of the ray if it propagated in the vacuum. The paths taken by the signals, however, are essentially the same for either of the two frequencies. Hence, the difference between the delays, L I = L 1 − L 2 , can be modeled by
(1) plus noise [Sardón et al, 1994] , where
−17 m 3 , and the new delay constants are given by the difference between the corresponding constants at each frequency. This linear combination of the delays is independent of D and other frequency independent factors (such as the dry, moist and scattering terms in the troposphere, and relativistic effects), and it eliminates clock drift errors. Equation 1 is the "tomographic equation": if enough rays are given, the corresponding set of equations can be solved to obtain estimates of the electron density ρ( x, t). To see this, let us rewrite ρ( x, t)= J a J ( t )Ψ J ( x)+q( x, t), where the functions Ψ J ( x) can be any set of basis functions we like (voxels will be used here). Discretization errors are accounted for by q( x, t). The goal in the inverse problem is to find the coefficients a J (t). Let us ignore here, for the sake of notational simplicity, the presence of the bias terms in equation 1. These are taken into account by introducing them as extra unknowns with binary coefficients (1 if the constant of a given emitter or receiver is involved in the ray equation, 0 otherwise). The GPS delay data along the satellitereceiver rays {l i } is used to construct a set of equations,
, one for each ray l i .H e r ey i is related, up to some constants, to the observed quantity, L I . This is a set of linear equations of the form Ax= y, where the components of the vector x are the unknown coefficients a J (t). Since this system of equations may not have a solution (which will be the case in the experimental situation we describe below), a functional related to χ 2 (x)=(y−Ax) T ·(y−Ax) will be minimized instead. In practice, we also find that although the number of equations is much greater than the number of unknowns, the unknowns are not completely fixed by the data, and we will restrict the solution space by adding some a priori constraints to the problem using Lagrange multipliers. In the case of stochastic ionospheric tomography it is natural to use smoothing constraints, since one may be trying to describe the problem with many more voxels (degrees of freedom) than the effective resolution carried by the data measurements. In reference Ruffini et al. [1997] , we proposed the use of a correlation functional for reducing the solution space to solutions with power spectra confined to the low portion of frequency space, G(x, λ, µ)=χ
is the power spectrum content of the image outside a cube in frequency space with sides 2κ i (i.e., the high portion of the spectrum). The resolution in any direction, say r i ,i st h e ng i v e nb y∆ r i ·κ i ≈1. It was then shown that we can rewrite this functional in terms of the image auto-correlation function.
In the present study of the ionosphere, we broke the flow of satellite delay data into one-hour blocks, and to enforce smoothness under time evolution we used a Kalman filter. This is a very useful technique when dealing with a time-varying process in which incomplete data is available at different times. The filter processes the data at a given time by asking that the solution be similar to the one in the previous iteration, taking into account the solution's covariance and modeling the dynamics by a random walk [Herring et al, 1990] . In the functional language, if x n and C xn are the solution and the covariance matrix at epoch n,a te p o c h n+ 1 we are to minimize
T C xn + δ 2 −1 (x n+1 − x n ) with respect to x n+1 . The parameter δ is a diagonal matrix that models the random walk away from the previous solution.
Data Processing
IGS and GPS/MET delay occultation data (in RINEX format) were processed using GIPSY to correct for cycleslips, using orbit data from IGS and UCAR, respectively. A total of 29 Medium-Rate occultations were processed for the day 307 of 1996 (Nov 02). Figure 1 shows the intersections of the ground and occultation rays with a shell at 7000 km for the last two hours of the day (UT 22-24). The presence of A/S was initially deemed not important, because our analysis of Medium-Rate occultations was already independent of P-code errors: since the arcs involved in an occultation are too short for proper alignment, we decided to treat the GPS/MET receiver as a separate receiver with its own delay constant for each occultation event, and thus avoid the need for phase alignment (on the other hand, the arcs involved in ground data analysis are much longer). However, we realized later that ground data phase alignment was suffering considerably from the effects of A/S, which has a specially pernicious effect at low elevations (P-code multi-path effects are especially large, since the code signal contains lower frequency spectral components than either of the phase signals), and therefore decided to keep only those arcs that were tracked for 90 minutes or longer (at the price of losing information at low elevations, important for vertical resolution). Then, only the central portion of the arc was used for alignment of the phase. In Figure 2 we can see a typical example of arc alignment. Taking the central portion of the data (8 points) we obtain a root-mean-squared alignment residual of about 8 cm, as opposed to 28 cm when using all the 16 points in the graph (this is of the order of the discretization error expected with the voxels in our model). We assume here that P-code noise behaves like white noise, given the sampling interval we used for ground receivers (15 minutes). In the GPS/MET case, the arc time scale available is much smaller (300 sec), not long enough to wash out A-S noise.
Results
Medium-Rate occultation data was available only for the last three hours of the day (UT 21-24). What was the impact of this portion of the data? To study this issue, we performed a simulation with three-layer model (100-voxel, 150 km thick) starting at 200 km above the mean surface of the Earth, and used the ray data from the last three hours of the day. We set the simulated ionosphere electronic density ρ to 1.0 Tera electrons per cubic meter in the middle layer, zero elsewhere (i.e., ρ = 0 for variables id's 0 to 99, ρ =1 . 0 for variables id's 100 to 199 and ρ =0 . 0 for variables id's 199 to 299 in the grid model we used. The variables used for the delay constants (with variable id's from 300 to 499), were set to zero. Using this model and the real geometrical ray information, values were obtained for the simulated, noise-less, delays. Figure 3 shows the result of the simulation. As we can deduce from the graphs, without occultation data there is not enough geometrical information for good vertical resolution. Moreover, as we will discuss in a moment, the needed eigenvalue cut-off is quite low, making the inversion process more sensitive to noise.
What is a reasonable eigenvalue cut-off? In practice, inversion originates in the equationγAx=y,w h e r eA is in units of 10 5 meters (hecto kilometers, or hkm), x is in Tera el/m 3 ,a n dyis in meters (using these units γ =1 . 05 cubic meters). If we want to see variations in electronic density of the order of 0.1T e r ae l / m 3 ,a n d σ y =0 . 1 m (a conservative estimate of the combined alignment and discretization errors), we should not keep eigenvalues of A (let us denote them by ν i ) smaller than 1h k m ,s i n c eσ x ∼σ y / (γν)( s e eHajj et al. [1994] for a nice discussion of this point). The eigenvalues displayed in figure 3 are those of A T A, ω = ν 2 . Hence, we need ω>1h k m 2 to avoid excess noise in the solution. In Figure 3 we can see that such a cut-off of ω does not destroy vertical resolution when occultation data is used (the results using ω>0 .1a nd1 .0 hkm are shown), while the use of ground data alone is insufficient for vertical reconstruction, no matter what the cut-off (the results using ω>10 −4 and 10 −3 hkm are shown). This simulation demonstrates the need for occultation data in our three-layer model, and suggests that, in general, vertical resolution will be very difficult to achieve using ground data alone (as was already discussed in Hajj et al. [1994] ).
To really put our method and the usefulness of the combination of occultation and ground data to test, we performed the inversion in a 4×20×20-voxel model (totaling 1803 unknowns), with a resolution of 9 o in latitude and 18 o in longitude, and consisting of four, 150 km-thick layers (extending from 6400 to 7000 km). Data availability and computational limitations forced our choice of a medium resolution grid. Finer grids can be used regionally. In Figure 4 we can see the mean solution for UT 21-24: the ionosphere is nicely localized in the vertical direction (smoothness of the solution was required only in the horizontal directions).
Conclusion
Ground and occultation GPS delay data can be combined successfully to perform ionospheric tomography with a substantial level of vertical resolution. Even with A/S interfering with phase alignment, and a less than optimal quantity of occultation data, our results provide evidence for both the need and substantial impact of occultation data in the reconstruction process. On the left, eigenvalues from the simulation without occultation data (in hkm), and the corresponding solutions with eigenvalue cut-offs at log 10 w = −4a nd− 3. On the right, adding occultations decreases significantly noise sensitivity, since the eigenvalue cut-offs needed for sufficient reconstruction are much larger, and sufficient vertical resolution is achieved. Figure 4 . The solution from the combined data, UT 21-24, Nov 2nd, 1996 . In these coordinates, the Sun is at 217
o Right Ascension, and -14 o declination.
